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Abstract
First integrals admitted by an approximate Lane–Emden equation modelling a thermal explosion in a rectangular slab and
cylindrical vessel are investigated. By imposing the boundary conditions on the first integrals we obtain a nonlinear relationship
between the temperature at the center of the vessel and the temperature gradient at the wall of the vessel. For a rectangular slab
the presence of a bifurcation indicates multivalued solutions for the temperature at the center of the vessel when the temperature
gradient at the wall is fixed. For a cylindrical vessel we find a bifurcation indicating multivalued solutions for the temperature
gradient at the walls of the vessel when the temperature at the center of the vessel is fixed.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider approximate first integrals admitted by the perturbed Lane–Emden equation of the second
kind
y′′ + k
x
y′ + δ exp
(
y
1 + y
)
= 0,   1, (1.1)
where δ is a constant known as the Frank-Kamenetzkii [10] parameter. The second order ordinary differential equa-
tion (1.1) models the steady state temperature distribution in a vessel before a thermal explosion. A thermal explosion
occurs when the heat generated by a chemical reaction in a vessel is far greater than the heat lost to the walls of the
vessel in which the reaction is taking place. The vessel walls are assumed to be thermally conducting. For k = 0 the
vessel is an infinite rectangular slab with the coordinate system as indicated in Fig. 1. For the case k = 1 the vessel is
an infinite circular cylinder with the coordinate system as indicated in Fig. 1.
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The model equation (1.1) is derived from the steady state heat balance equation
0 = kc∇2T + σQA exp
(
− E
RT
)
. (1.2)
The constant kc is the thermal conductivity, σ the density, Q is the heat of reaction, A the frequency factor, E the
energy of activation of the chemical reaction, R the universal gas constant and T the gas temperature. The heat balance
equation (1.2) is non-dimensionalised by the substitution
θ = E
RT 20
(T − T0), (1.3)
where T0 is the ambient temperature. The heat balance equation (1.2) reduces to
0 = ∇2θ + δ exp
(
θ
1 + θ
)
, (1.4)
where
δ =
[
σQA
kc
E
RT 20
exp
(
− E
RT0
)]
(1.5)
and
 = RT0
E
 1. (1.6)
The Laplacian operator ∇2 is given by
∇2 = ∂
2
∂r2
+ N − 1
r
∂
∂r
. (1.7)
From (1.3) we note that θ depends on the spatial coordinate x through the dependence of the temperature T on the
spatial coordinate x. By relabeling θ(x) as y(x) and setting N = k + 1 Eq. (1.4) reduces to (1.1).
Boundary conditions for the thermal explosion problem in a rectangular geometry are given by
y(±1) = 0. (1.8)
The boundary condition (1.8) fixes the temperature at the walls. Boundary conditions for the thermal explosion prob-
lem in a cylindrical geometry are given by
(a) y′(0) = 0, (b) y(1) = 0. (1.9)
Boundary condition (1.9a) ensures continuity at the center of the vessel. Boundary condition (1.9b) fixes the non-
dimensional temperature at the wall. If it can be shown that the temperature gradient at the boundaries x = −1 and
x = 1 for the rectangular geometry are equal then the boundary conditions (1.9) can be applied to (1.1) for k = 0.
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et al. [4], Squire [17] and Dumont et al. [8]) for k = 0 and k = 1. Analytical solutions for the case k = 2 have proven
to be elusive. The existence and uniqueness of solutions of (1.1) solved subject to (1.9) have been proven by Russell
and Shampine [15]. Wazwaz [18] has used the Adomian decomposition method to obtain a power series solution to
(1.1) for constant δ. Momoniat and Harley [13] used a symmetry approach to improve the radius of convergence of
the power series solution.
The remainder of the paper is organised as follows: In Section 2 we investigate first integrals admitted by (1.1) for
k = 0 and k = 1. Concluding remarks are made in Section 3.
2. First integrals
If an equation admits a Lagrangian formulation then Noether’s theorem [14] can be used to determine its first
integrals. Bluman [6] and Anco and Bluman [1–3] have introduced the Direct Construction Method to determine
conservations laws or first integrals of systems of equations that do not possess a Lagrangian formulation. Kara and
Mahomed [12] investigated the relationship between symmetries and conservation laws. They determined a formula
from which symmetries of conservation laws can be constructed without recourse to a Lagrangian. Feroze and Kara [9]
developed the notion of an approximate Lagrangian and an approximation to Noether’s theorem to obtain approximate
first integrals.
In this paper we use a direct approach for constructing first integrals. We firstly use the fact that   1 to sim-
plify (1.1). Using the approximation
y
1 + y = y − y
2 + 2y3 − 3y4 + · · · , (2.1)
we simplify (1.1) to
y′′ + k
x
y′ + δ exp(y − y2)= 0, (2.2)
valid to first order in . By expanding the exponential function we can simplify (2.2) further to
y′′ + k
x
y′ + δey(1 − y2)= 0. (2.3)
We investigate approximate first integrals of the form
I = I0 + I1. (2.4)
2.1. Infinite rectangular slab (k = 0)
For the case k = 0 (2.3) reduces to the autonomous equation
y′′ + δey(1 − y2)= 0. (2.5)
It has been shown by Harley and Momoniat [11] that the unperturbed equation from (2.5) admits the first integral
I0 = y′2 + 2δ exp(y). (2.6)
We determine I1 by taking the total derivative of (2.4), i.e.
Dx(I0 + I1)|(2.3) = O
(
2
)
, (2.7)
where
Dx = ∂
∂x
+ y′ ∂
∂y
+ y′′ ∂
∂y′
. (2.8)
The resulting equation from (2.7) is separated by coefficients of powers of y′ and the resulting system of equations is
solved. We find that
I1 = −2δ exp(y)
(
y2 − 2y + 2). (2.9)
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Therefore from (2.4) we have that
I = y′2 + 2δ exp(y) − 2δ exp(y)(y2 − 2y + 2). (2.10)
Typically, we would solve
I = C = constant, (2.11)
to obtain a solution admitted by (2.3). Instead of doing this we impose the boundary conditions (1.8) on (2.11) to
obtain
y′2(−1) = y′2(1). (2.12)
Eq. (2.12) confirms the symmetry of the temperature gradient at the vessel walls for the rectangular geometry. We can
thus impose boundary conditions (1.9) on (2.11). We find that
y′2(1) = δ[−2 + 4 + expy(0)(2 − 2(2 − 2y(0) + y(0)2))]. (2.13)
Eq. (2.13) gives a nonlinear relationship between the temperature gradient at the wall and the temperature at the centre
of the rectangular vessel. In Fig. 2 we plot (2.13) for  = 0. From Fig. 2 we observe that for a fixed δ we can control
the temperature at the centre of the vessel by controlling the temperature gradient at the vessel wall. Increasing values
of δ decreases the maximum possible temperature at the centre of the vessel. This result has been obtained by Harley
and Momoniat [11].
In Fig. 3 we plot (2.13) for  = 0.05 and  = 0.1. From Fig. 3 we observe that nonzero values of  introduce a
bifurcation. The bifurcation in Fig. 3 gives multivalued solutions for the temperature at the center of the vessel when
the temperature gradient at the walls of the vessel is fixed.
2.2. Infinite circular cylinder (k = 1)
For k = 1 (2.3) reduces to
y′′ + 1
x
y′ + δey(1 − y2)= 0. (2.14)
Using the results from Bozkhov and Martins [5] and Noether’s theorem [14] (see also Harley and Momoniat [11]) we
find that the unperturbed equation from (2.14) admits the first integral
I0 = 12x
2y′2 + 2xy′ + δx2ey. (2.15)
We calculate I1 using the same approach as described for the case k = 0. We find that
I1 = 16y + x
(
4y′(y − 3) − δxey(2 + y(y − 2)))− 4x(2δxey + y′(4 + xy′)) logx. (2.16)
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and  = 0.1 (B).
Fig. 4. Plot of the critical value δ as a function of the temperature gradient at the wall for  = 0.
Once again we substitute (2.15) and (2.16) into (2.4). We substitute the resulting approximate first integral into (2.11)
and impose the boundary conditions (1.9) to obtain
1
2
y′2(1) + 2y′(1) + δ − 16y(0) − (12y′(1) + 2δ)= 0. (2.17)
We plot (2.17) in Fig. 4 for  = 0. We note that instead of getting a relationship comparing the temperature at the
center of the cylindrical vessel with the temperature gradient at the wall we obtain a quadratic equation showing the
dependence of the critical value δ to the temperature gradient. From Fig. 4 we note that the maximum value of δ is
obtained when y′(1) = −2.
In Fig. 5 we plot (2.17) for  = 0.01 and  = 0.1. Once again we see a bifurcation indicating multivalued solutions
for the temperature at the center of the vessel when the temperature gradient at the wall is fixed. The effects of the
bifurcation for the case k = 1 does not manifest itself because y′(1) < 0 for physically meaningful solutions. These
solutions lie on the bottom half of the bifurcation curves indicated in Fig. 5.
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 = 0.1 (B).
3. Concluding remarks
In this paper we have investigated approximate first integrals admitted by the approximate Lane–Emden equa-
tion (1.1). Eq. (1.1) models a thermal explosion in a vessel with thermally conducting walls. The temperature at the
center is positive because the chemical reaction is producing heat, i.e.
y(0) > 0. (3.1)
The temperature at the centre of the vessel is always higher than the temperature at the walls. This implies that the
temperature gradient at the walls is always negative, i.e.
y′(1) < 0. (3.2)
For the case k = 0 we note that when  = 0 no bifurcations occurs. For  = 0 we observe the presence of a bifurcation.
From Fig. 3 we see that for a fixed temperature gradient at the rectangular vessel walls we get two possible values for
the temperature at the center of the rectangular vessel. This bifurcation manifest itself when we consider numerical
solution of (1.1) for k = 0. In Fig. 6 we plot the results obtained from a numerical solution of (1.1) obtained using
bvp4c in MATLAB [16].
The results indicated in Fig. 6 were obtained by fixing the boundary condition y(1) = 0 and varying the boundary
condition at y(0). As y(0) is varied we calculate values of y′(0). We plot y′(0) against y(0) in Fig. 6. From Fig. 6 we
note that there are two values of y(0) that satisfy the physical boundary condition y′(0) = 0.
The results indicated in Fig. 7 were obtained by fixing y′(0) = 0 and varying y′(1). Values of y(1) are calculated
and we plot y′(1) against y(1) in Fig. 7. Here we observe that there is only one value of y′(1) that corresponds to
y(1) = 0.
The results obtained in Figs. 6 and 7 reflect the implications of the bifurcation in Fig. 3. Multiple values of y(0)
exist for a fixed value of y′(1) for small . The case k = 1 exhibits similar results for small values of . Multiple
values of y′(1) exist for fixed values of y(0). We do note however from Fig. 5 that as the value of  increases the
conditions (3.1) and (3.2) limits the appearance of multiple values of y′(1).
Future research involves applying the techniques developed here to other physical problems to see if further insights
can be gained by investigating first integrals admitted by the model equations.
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